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We will employ the method of Lagrange multipliers to solve the Markowitz mean-variance problem in its

classical quadratic programming formulation:

minwTΣw

st. wTµ = µg, w
T e = 1

where w is the fraction of wealth in each security, µg is the mean return vector of the portfolio and Σ is the

covariance matrix.

The Lagrangian is de�ned by

L (w, λ) = wTΣw − λ1
(
wTµ− µg

)
− λ2

(
wT e− 1

)
hence the optimality conditions are given by

∇wL (w, λ) = 2Σw − λ1µ− λ2e = 0
∂L
∂λ1

(w, λ) = µg − wTµ = 0

∂L
∂λ2

(w, λ) = 1− wT e = 0

We solve for w in terms of the Lagrange multipliers w = 1
2λ1Σ−1µ+ 1

2λ2Σ−1e. We then substitute this into

the other optimality conditions to get a 2-by-2 linear system, i.e.,(
1

2
µTΣ−1µ

)
λ1 +

(
1

2
µTΣ−1e

)
λ2 = µg(

1

2
µTΣ−1e

)
λ1 +

(
1

2
eTΣ−1e

)
λ2 = 1

We further de�ne the following quantities

A = eTΣ−1e,B = eTΣ−1µ,C = µTΣ−1µ,D = AC −B2

we eventually get to

woptimal =
1

D

(
CΣ−1e−BΣ−1µ

)
+
µg
D

(
AΣ−1µ−BΣ−1e

)
and

σoptimal =

√
Aµ2

g − 2Bµg + C

D
The typical e�cient frontier will look like this:
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Figure 0.1. E�cient Frontier


